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Abstract: This article is concerned with the existence of periodic solutions for nonlinear 
second-order difference equations. In this paper, the existence of periodic solution is obtained by 
using the critical point theorem and variational frameworks. First, we introduce some appropriate 
variational frameworks. The existence of periodic solutions is equivalent to the existence of critical 
points of the functional. Second, using critical point theorem, we obtain some critical points, the 
periodic solutions are obtained. The work replenishs a blank of this part. 

1. Introduction 

Let  ,  ,   be the set of all natural numbers, integers and real numbers respectively. For 
∈a,b  , define ( ) { }, 1, 2,a a a a= + +  , when a b≤ , define ( ),a b =  { , 1,a a +  2, , }a b+  . 

Consider the discrete system, 

                               ( )( ) ( )1 , 0n n np x f n xδ
−∆ ∆ + = ,       (1) 

where ∆  is the forward difference operator defined by 1n n nx x x+∆ = − , ( )2
n nx x∆ = ∆ ∆ ,  and 

( )1 1δ− = − , 0δ > , :f × →    is continuous in the second variable , and ( ),F n z  is defined 

as ( ) ( )
0

, ,
z

F n z f n s ds= ∫ , 0T n np p+ = >  , for some integer T . In this paper, we let 

( ) { }1 1,min 0nn Tv p∈= > , ( ) { }2 1,max 0nn Tv p∈= > . 
We may think of equation (1) as being a discrete analogue of a special case of the second order 

differential equation 

( ) ( )( ) ( )' ' ,p t u f t uϕ = ,                          (2) 

which has been studied by many authors [4, 7, 8]. In the case of ( ) 2u u uδϕ −= , equation (2) has 
been discussed extensively in the literature, we may refer to [9, 10, 12, 13]. When 1δ =  and 
( ), nf n u q u= , equation (1) has been investigated by many authors for results on oscillation, 

asymptotic behavior and boundary value problems [1, 2, 5, 6]. But the results on existence of 
periodic solutions of nonlinear difference equations are very scare in the literature [3, 14].     

The main results are as follows: 
Theorem 1.1. Suppose ( ),F n z  satisfies 

(A1) ( ) ( ), ,F n z C∈    for each n∈  and there exists a positive integer T  such that for all

( ),n z ∈ ×  , ( ) ( ), ,F n T z F n z+ = . 

(A2) There exist constants 1 0R >  and  ( )1, 1α δ∈ +  such that for any ( ),n z ∈ ×  , 1z R≥  

2021 3rd International Conference on Information Engineering for Mechanics and Materials (IEMM 2021)

Published by CSP © 2021 the Authors 182



( ) ( )0 , ,z f n z F n zα< ⋅ ≤ ,                     (3) 

(A3) There exist constants 1 2, 0a a >   and (1, ]γ α∈  such that 

( ) 1 2, ,F n z a z aγ≥ − ∀ ( ),n z ∈ ×  .               (4) 

Then system (1) possesses at least one T -periodic solution. 
Remark 1.1.  By integrating (3), we have that 

( ) 3 4,F n z a z aα≤ + ,                       (5) 

holds for some positive constants 3a  and 4a , which implies that ( )
1

,
lim 0
z

F n z
zδ +→∞

= . 

Theorem 1.2.  Suppose that ( ),F n z  satisfies (A1) and 

(B1) there is a constant  0 0M >  such that for all ( ),n z ∈ ×  , ( ) 0,f n z M≤ ; 

(B2) ( ),F n z →+∞  uniformly for n∈  as z →+∞ . 
Then system (1) possesses at least one T -periodic solution. 

2. Some basic lemmas 
In order to apply the critical point theory, we introduce some appropriate variational frameworks 

in this section. 
Let S  be the set of sequences ( ) { }1 0 1, , , , , , , ,n n n n

x x x x x x x +∞
− − =−∞

= =    , i.e., 

{ }{ }| ,n nS x x x n= = ∈ ∈  . For any ,x y S∈ , ,a b∈ , ax by+  is defined by 

{ }: n nax by ax by+ = + , then S  is a vector space. 
For any given positive integer T , TE  is defined as a subspace of S  by 

{ }{ },:T n n T nE x x S x x n+= = ∈ = ∈ . 

We note that TE  can be equipped with the inner product ( ),⋅ ⋅  and norm ⋅  as follows: 

( )
1

, , ,
T

j j T
j

x y x y x y E
=

= ⋅ ∀ ∈∑ ,                       (6) 

1
2

2

1
,

T

j T
j

x x x E
=

 
= ∀ ∈ 
 
∑ ,                          (7) 

It is obvious that TE  with the inner product in the (6) is a finite-dimensional Hilbert space and 
linearly homeomorphic to TR . 

We define the functional J  on TE  as follows: 

( ) ( ) ( )1
1

1 1

1 ,
1

T T

n n n
n n

J x p x F n xδ

δ
+

+
= =

= ∆ −
+ ∑ ∑ .             (8) 

It is easy to see that ( )1 ,TJ C E∈   and for any Tx E∈ , by using 0Tx x= , 1 1Tx x+ =  
we can compute the partial derivative as 

( ) ( ) ( )1 , , 1,n n n
n

J p x f n x n T
x

δ
−

∂  = −∆ ∆ − ∈ ∂
  
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then x  is a critical point of J on TE  if and only if 

( )( ) ( )1 , 0n n np x f n xδ
−∆ ∆ + =  

By the periodicity of nx  and ( ),f n z  in the first variable n , we have reduced the existence of 
periodic solutions of equation (1) to the existence of critical points of J on TE  . For convenience, 

we identify Tx E∈  with ( )1 2, , , T
Tx x x x=  . 

Denote ( ){ }: , , 1,T iW x E x v v i T= ∈ = ∈ ∈   and W Y⊥ = , such that TE W Y= ⊕ . Denote the 

norm r
⋅  on TE  as follows: 

1

1

T rr
ir

i
x x

=

 =  
 
∑ , for all Tx E∈  and 1r > . Clearly, 2

x x= . 

Since || · ||r and || · || are equivalent, so it’s easy to get 

 1 , Tr r
T x x T x x E− ≤ ≤ ∀ ∈ ,                      (9) 

Let X  be a real Banach space, ( )1 ,I C X∈  , that is, I  is a continuously Frechet 
differentiable functional defined on X . The functional I  is said to satisfy the Palais-Smale 
condition (P.S. condition for short) if any sequence { }nu X⊂ , for which ( ){ }nI u  is bounded and 

when n →∞ , ( )' 0nI u → , then { }nu  possesses a convergent subsequence in X . 
Let rB  denote the open ball in X  about 0 of radius r  and let rB∂  denote its boundary. 
Lemma 2.1 (Saddle point theorem [11]) Let X  be a real Banach space, 1 2X X X= ⊕  where 

{ }1 0X ≠  and is finite dimensional. Suppose ( )1 ,I C X∈   satisfies the P-S condition and 
(I1) there exist constants  0σ >  and 0ρ >  such that 

1
| B XI

ρ
σ∂ ∩ ≤ ; 

(I2) there exist 1e B Xρ∈ ∩  and a constant ω σ>  such that 
1

|e XI ω+ ≥ . 

Then I  possesses a critical value c ω≥  and ( )( )
1

inf maxh u B Xc I h u
ρ∈Γ ∈=


, where 

( ){ }11, : | B Xh C B X X h id
ρρ ∂Γ = ∈ =


 . 

3. The proofs of main results 
3.1 Proof of theorem 1.1 

Firstly, we need to show that J satisfies the P.S. condition. 
Clearly, ( )1 ,TJ C E∈  . Let ( ) ( ), 1k

Tx E k∈ ∈  be such that  ( )( ){ }kJ x  is bounded and 
( )( )' 0kJ x →  as k →∞ . Then there exists a constant 1 0M >  and ( )0 1k ∈  such that 

( )( ) 1
kJ x M≤  for ( )1k∈  and ( )( ) 2

' ,kJ x x x≤  for ( )0 , Tk k x E∈ ∈ . 

Let ( ) ( ) 1
11

1
1

T
n nn

h x p x δ

δ
+

+=
= ∆

+ ∑ , then, 

( )

( ) ( )
( ) ( )

( ) ( )

1 2 2

2 1 3 2

1 1

' ,

T

T T T

p x p x

p x p xh x

p x p x

δ δ

δ δ

δ δ
−

 ∆ − ∆
 
 ∆ − ∆

=  
 
 ∆ − ∆ 


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By a simple computation, we can get 

( )( ) ( ) ( )' , 1h x x h xδ= +  

Since 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )

1
' ' ,

T
k k k k k k

n n
n

J x x h x x f n x x
=

= − ⋅∑， ，  

we see that, for ( )0k k∈  

( ) ( )( ) ( )( ) ( )( )1 2

1 1 ' ,
1 1

k k k kM x J x x J x
δ δ

+ ≥ −
+ +

 

( )( ) ( )( ) ( )

1 1

1, ,
1

T T
k k k

n n n
n n

F n x f n x x
δ= =

= − ⋅
+∑ ∑  

For any ( )0k k∈ , denote 

( ) ( ){ }1 11, : kk
nS n T x R= ∈ ≥  and ( ) ( ){ }2 11, : kk

nS n T x R= ∈ < . 

Then ( )1 2 1,k kS S T=  and 

( ) ( )( ) ( )( ) ( )
1 2 1 1

1 1, ,
1 1

T T
k k k k

n n n
n n

M x F n x f n x x
δ δ= =

+ ≥ − ⋅
+ +∑ ∑  

( )( ) ( )( ) ( )

11

1, ,
1 k

T
k k k

n n n
n n S

F n x f n x x
δ= ∈

= − ⋅
+∑ ∑  ( )( ) ( )

2

1 ,
1 k

k k
n n

n S

f n x x
δ ∈

− ⋅
+ ∑ . 

In view of (3), we have 

( ) ( )( ) ( )( )
1

1 2 1

1 , ,
1 1 k

T
k k k

n n
n n S

M x F n x F n xα
δ δ= ∈

+ ≥ −
+ +∑ ∑ ( )( ) ( )

2

1 ,
1 k

k k
n n

n S

f n x x
δ ∈

− ⋅
+ ∑  

( )( )
1

1 ,
1

T
k

n
n

F n xα
δ =

 = − + 
∑ ( )( ) ( )( ) ( )

2

1 , ,
1 k

k k k
n n n

n S

F n x f n x xα
δ ∈

 + − ⋅ + ∑ . 

Since ( ) ( ), ,F n z f n z zα − ⋅  is continuous with respect to z∈  for each n∈ , there exists a 

constant 2 0M >  such that ( ) ( ) 2, ,F n z f n z z Mα − ⋅ ≤ , for all z∈  and 1z R≤ , ( )1,n T∈ . 
Thus 

( ) ( )( ) 2
1 2 1

1 1 ,
1 1 1

T
k k

n
n

TMM x F n xα
δ δ δ=

 + ≥ − − + + + 
∑ . 

By (4) and (9), we have 

 ( ) ( )
1 1 2 22 1

1 11 1
1 1 1 1

T
k k

n
n

M x a x a T TM
γα α

δ δ δ δ=

   + ≥ − − − −   + + + +   
∑  

( )
1 32

11
1

ka x M
T

γ
γα

δ
   ≥ − −   +   

 

where 3 2 2
11

1 1
M a T TMα

δ δ
 = − + + + 

. That is, 
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( ) ( )
1 1 32 2

1 11
1 1

k ka x x M M
T

γ
γα

δ δ
   − − ≤ +   + +   

 

Because (1, ]γ α∈  and 0 1α δ< < + , we see that  ( ){ }2

kx  is bounded. Since TE  is finite 

dimensional, ( ){ }kx  has a subsequence which is convergent in  TE  . Therefore J  satisfies the 
P.S. condition. 

Now we prove that J  satisfies (I1), (I2). Let 1X W= and 2X Y= . Then for any 2x X∈ , 

( ) ( ) ( )1
1

1 1

1 ,
1

T T

n n n
n n

J x p x F n xδ

δ
+

+
= =

= ∆ −
+ ∑ ∑  

( ) ( )1
1 1

1 1

1 ,
1

T T

n n n n
n n

p x x F n xδ

δ
+

+ +
= =

= − −
+ ∑ ∑  

( ) ( )
1

1
121

1 3 4
1 1

1
1

T T

n n n
n n

v x x a x a
T

δ
δ α

δ

+
+

+
= =

  ≥ − − +   +    
∑ ∑  

( ) ( )
1 1

1 1
3 4

1

1
1

T
T

n
n

v x Ax a x a
T

δ
αδ

δ

+

+

=

 = − + +  
∑ , 

where ( )1 2, , , T
Tx x x x=   and 

2 1 0 0 1
1 2 1 0 0

0 1 2 0 0

0 0 0 2 1
1 0 0 1 2 T T

A

×

− − 
 − − 
 −

=  
 
 −
  − − 







     





, 

we get that 1 0λ =  is an eigenvalue of A  and ( ), , , T
Tv v v Eξ = ∈ is an eigenvector of A  

corresponding to 0, where 0v ≠ , v∈ . Let 2 3, , , Tλ λ λ be the other eigenvalues of A . By the 
matrix theory, we have ( )0, 2,j j Tλ > ∈ . Without loss of generality, we may assume that 

2 30 Tλ λ λ< ≤ ≤ ≤ ,  then for any x Y∈ , 

( ) ( ) ( )
11

2 21
2 3 42

1

1
1

T

n
n

vJ x x a x a
T

δδ
αλ

δ

++

=

 ≥ − + +  
∑  

1 1
11 2

2 3 42

1
1

v x a x a T
T

δ δ
δ α

α
λ

δ

+ +
+ ≥ − − +  

 

1 1
11 2

2 3 42 2

1
1

v x a T x a T
T

δ δ
δ ααλ

δ

+ +
+ ≥ − − +  

. 

Because 1α δ< + , then J is bounded from below. There exists a constant 0ω− > such that 
|YJ ω≥ . Let 0e = , so J  satisfies (I2). 
For any x W∈ , 
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( ) ( ) 1 2 1 2
1 1

,
T T

n n
n n

J x F n x a x a T a x a Tγ γ

γ
= =

= − ≤ − + = − +∑ ∑ , 

then ( )J x →−∞ , as x →∞ . So there exists a constant ρ large enough such that x ρ≥ and 

( ) 1 :J x ω σ< − = , so (I1) is satisfied. By saddle point theory, there exists at least one critical point. 

3.2 Proof of theorem 1.2 

Let J be defined as in (8). Clearly, ( )1 ,TF C E∈  . In view of (B1), there exists a constant 

4 0M >  such that 

( ) ( )4 0, , ,F n z M M z n z≤ + ∀ ∈ ×  .                    (10) 

We will first show that J satisfies the P.S. condition. In fact, suppose that ( ){ }kx is a sequence 

in TE  such that for any ( ) ( )( ) 61 , kk J x M∈ ≤ for some positive constant 5M and  ( )( )' 0kJ x →  

as k →∞ , then for sufficiently large k , ( )( )( ) 2
,kJ x x x≤ . 

Let ( ) ( ) ( )k k kx y w= + , where ( ) ( ),k ky Y w W∈ ∈ . According to (8) and the periodicity of F , let 

( ) ( ) 1
1

1

1
1

T

n n
n

h x p x δ

δ
+

+
=

= ∆
+ ∑ , we have 

( )( )( ) ( )( )( ) ( )( )
1

' , ' , ,
T

k k k
n n

n
J x x h x x f n x x

=

= − ⋅∑  

Then for sufficiently large k , 

( )( )( ) ( )( ) ( ) ( )
21

' , ,
T

k k k k
n n

n
h x x f n x y y

=

≤ ⋅ +∑  

( ) ( )
0 21

T
k k

n
M y y

=

≤ +∑  

( ) ( )
0 2

1 kM T y≤ +  

and according to the proof of theorem (1), we get 

( )( ) ( )( ) ( )( ) ( )( ) ( )
1 1 1

1 2
2

1' , ' ,
1

k k k k kvh x y h y y y
T

δ δ δ
λ

δ

+ + + = ≥  +  
. 

Thus we have ( ) ( ) ( )
1 1 1

1 2
2 02 2

1 1
1

k kv y M T y
T

δ δ δ
λ

δ

+ + +  ≤ + +  
, which implies that ( ){ }k

ny is 

bounded. Next we need to prove that ( ){ }kw is bounded. In fact, 

 ( )( ) ( )( ) ( )( )1

1
1 1

1 ,
1

T T
k k k

n n n
n n

J x p x F n x
δ

δ
+

+
= =

= ∆ −
+ ∑ ∑  

( )( ) ( )( ) ( )( ) ( )( )1

1
1 1 1

1 , , ,
1

T T T
k k k k

n n n n n
n n n

p y F n w F n w F n x
δ

δ
+

+
= = =

 = ∆ − + − + ∑ ∑ ∑ . 

So, 
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( )( ) ( )( ) ( )( ) ( )( ) ( )( )1

1
1 1 1

1, , ,
1

T T T
k k k k k

n n n n n
n n n

F n w J x p y F n w F n x
δ

δ
+

+
= = =

≤ + ∆ + −
+∑ ∑ ∑  

( )( ) ( ) ( )( ) ( )1

5 1
1 1

1 ,
1

T T
k k k k

n n n n n
n n

M p y f n w y y
δ

θ
δ

+

+
= =

≤ + ∆ + + ⋅
+ ∑ ∑  

( )( ) ( )1

5 1 0 21

1
1

T
k k

n n
n

M p y M T y
δ

δ
+

+
=

≤ + ∆ +
+ ∑ ,  

where ( )0,1θ ∈ . Since ( ){ }k
ny is bounded, this implies that ( )( )

1
,

T
k

n
n

F n w
=

 
 
 
∑  is bounded. 

By assumption (B2), we have that ( ){ }kw is bounded. If otherwise, there is no harm in assuming 

that ( )
2

kw →∞ ( ){ }kw  as k →∞ .  Since there exist ( )kz ∈ , ( )1k∈ ,  such that 
( ) ( ){ }k k

Tw z E= ∈ ,  

then 

( ) ( ) ( )

1
22

2 1

T
k k k

n
n

w z T z
=

 = = →∞ 
 
∑ . 

Since ( )( ) ( )( ), ,k k
nF n w F n z= , we have ( )( ), k

nF n w →∞ as k →∞ . This contradicts the fact 

that ( )( )
1

,
T

k
n

n
F n w

=

 
 
 
∑  is bounded, so P.S. condition is satisfied. 

Now we will check that the conditions in the Saddle Point theorem hold. For any y Y∈ , 

( ) ( ) ( )1

1
1 1

1 ,
1

T T

n n n
n n

J y p y F n y
δ

δ
+

+
= =

= ∆ −
+ ∑ ∑  

( )1
0 42

1

T

n
n

L y M y Mδ α+

=

≥ − +∑  

1
0 42

1

T

n
n

L y M y M Tδ +

=

≥ − −∑  

1
0 42

L y M T y M Tδ +≥ − − , 

where 
1 1

1 2
2

1
1

vL
T

δ δ

λ
δ

+ + =  +  
. It is easy to know that ( )J y is bounded from below, that is, 

( ) 6J y M≥ , for all y Y∈  for some constant 6M . Thus take 6Mω = , then we have 

( ) ,J y y Yω≥ ∀ ∈ . Let 0e = , then (I2) holds. 

For any w W∈ , then { }w z= , we have 

( ) ( ) ( ) ( )1
1

1 1 1

1 , ,
1

T T T

n n
n n n

J w p w F n z F n zδ

δ
+

+
= = =

= ∆ − = −
+ ∑ ∑ ∑ . 

According to condition (B2), this implies that ( )J w →∞ as w →∞ . Let : 1σ ω= − , then 

there exists a sufficiently large 0ρ > such that ( ) ,J w w Wσ≤ ∀ ∈ , and w ρ= . Thus condition 
(I1) is satisfied. By the Saddle Point theorem, the proof of  theorem 1.2 is complete. 
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